ENERGY DECAY RATES FOR SOLUTIONS OF THE WAVE EQUATION 
WITH SUPERLINEAR DAMPING IN EXTERIOR DOMAIN 



M. DAOULATLI 



Abstract. In this paper we study the behavior of the energy of solutions of the wave 
equation with localized superlinear damping in exterior domain. 



1. Introduction and Statement of the results 

Let O be a compact domain of M. d (d > 1) with C°° boundary T and = M ci \0. Consider 
the following wave equatin with localized linear damping 

d 2 u — Au + a (x) |9(u| r_1 d t u = in R + x $7, 
u = onM+xT, (1.1) 

u(0,x) = uo and dtu(0, x)=u\. 

Here A denotes the Laplace operator in the space variables, a (x) is a nonnegative function 
in L°° (Q). Throughout this paper we assume that 1 < r < 1 + §. We note that when d = 1 
and O is not empty , then f2 = (— oo, a) or (a, +oo) for some a£R. 

The existence and uniqueness of global solutions to the problem (II. lj) is standard (see [23] ) . 
If («o, iti ) is in Hq (O) n H 2 ($7) x Hq (O), then the system (|l.ip . admits a unique solution u 
in the class 

u G C7° (R+, ^ ( n ) n H 2 n Cl (^)) • 

Let us consider the energy at instant t defined by 



E u (t) = ^J(\Vu(t,x)\ 2 +\d t u(t,x)\ 2 ^dx. 



The energy functional satisfies the following identity 

cT 



E U (T)+ [ [ a(x)\d t u\ r+1 dxdt = E u (0), (1.2) 
Jo Jci 



for every T > 0. Moreover we have 

2 



||V<9 t «|| L oo {R+iL 2 (f7)) + \\dt U \\ L °o {R+)L 2 in)) 

< 2 (i + ll a llL°°) (|I u oIIh 2 + II ^i II l^i + Ikill^iJ 



(1.3) 



First we quote results when the damping is linear. 

Zuazua [36] . Nakao [27] . Dehman-Lebeau-Zuazua [13] , Aloui-Ibrahim-Nakanishi [1] and 
Joly and Camille [19] have considered the problem for the Klein-Gordon type wave equations 
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with localized dissipations. For the Klein-Gordon equations the energy functional it self 
contains the L 2 norm and boundedness of L 2 norm of the solution is trivial. Thus under 
some assumptions on the support of the damper a we can show that the energy decays 
exponentially while for the system (II. ip the energy decay rate is weaker and more delicate. 
In the case when a (x) > eo > in all of f2 we know that 

E u (t) < C (1 + ty 1 and ||u (i)||| 2 < C , for all t > 0, (1.4) 

for weak solution u to the system (jl.ip with initial data in Hq (O) x 1? (Q). 

Nakao in [26] obtained the same estimates in (ll.4p for a damper a which is positive near 
some part of the boundary (Lions's condition) and near infinity. 

On the other hand, Dan-Shibata [8] studied the local energy decay estimates for the com- 
pactly supported weak solutions of (jl.ip with a (x) = 1 

f (\Vu(t,x)\ 2 + \d t u(t,x)\ 2 )dx<C(l + ty d , (1.5) 

where Br = jx G M. d , \x\ < i?}. For damping localized in a compact set of 0: Nakao in |25j 
proved that the local energy decays exponentially if d is odd and polynomially if d is even 
under the Lions's geometric condition. Combining the definition of a non-trapping obstacle 
and the geometric control condition of Bardos-Lebeau-Rauch [5], Aloui and Khenissi [2] 
introduced the exterior geometric control condition which is a sufficient condition for the 
stabilization of the local energy, more precisely they proved that the local energy decays 
exponentially if the space dimension d is odd. In [2TJ Khenissi showed that the estimate (|1.5p 
holds if d is even. Recently in [9], using a nonlinear internal localized damping, Daoulatli 
obtained various decay rates, depending on the behavior of the damping term. We also 
mention the result of Daoulatli-Dehman-Khenissi [10J on the behaviors of the local energy 
for solutions of the Lame system in exterior domain. Finally, we quote the result of Bchatnia 
and Daoulatli [4J on the decay rates of the local energy for solutions of the wave equation 
with localized time dependent damping in exterior domain. 

Furthermore Ikehata and Matsuyama in [18] obtained a more precise decay estimate for 
the total energy of solutions of the problem (jl.ip with a (x) = 1 and for weighted initial data 

E u (t) < C 2 {l + ty 2 h and ||u(t)||£ 2 < C 2 {l + ty 1 I 1 for all t > 0. (1.6) 

Especially this estimate seems sharp for d = 2 as compared with that of [8j . 

Ikehata in [17] derived a fast decay rate like (|1.6p for solutions of the system (jl.ip with 
weighted initial data and assuming that a (x) > eo > at infinity and O = M d \f2 is star 
shaped with respect to the origin. 

More recently in [12J Daoulatli prove that for a damper a positive near infinity and under 
the geometric control condition of Bardos et al [5] , the estimates in (jl.4[) hold for all solutions 
of the system (jl.ip with initial data in Hq (fi) x L 2 (fl) and show that the estimates in (jl.6p 
hold for all solutions of the system (jl.ip with weighted initial data. Moreover he prove that 
for every there exists a initial data in Hq (O) x L 2 (fi) such that the solution v of (jl.ip 

verifies 

E v {t) <C(l + ty p and \\v(t)\\ 2 L2 < C (1 + ty p+1 , for alH > 

and for some C > depending on the initial data. 

Now we give a summary of results on the asymptotic behavior of the energy of solutions 
of the nonlinear system (jl.ip in the free space M. d and for a globally distributed damping. 
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For the Klein Gordon equation a polynomial decay rate is derived by Nakao [28J for com- 
pactly supported initial data and by Mochizuki and Motai [24] for weighted initial data. More 
precisely they show that ifl<r<l + | the energy decay according to 

E u (t) <C(l + t)^ 

where 7 = 2+ r d ~ 1 dr . If r > 1 + |, Mochizuki and Motai [23] establishes a complementary 
non-decay result for a dense set of initial data in H 1 (R rf ) x L 2 (M. d ) . 

For the wave equation first we quote the result of Ono [31 j , Ono in [31] considered the wave 
equation with the following damping dtu + g (dtu) with g superlinear and has a polynomial 
growth. He showed the polynomial decay of the energy. We note that in this case the I? 
norm of the time derivative on R + x M. d of the solution is bounded by the energy of the initial 
data. Mochizuki and Motai in [23] obtained a logarithmic decay rate when 1 < r < 1 + § 
and for a kind of weighted initial data. The corresponding non-decay result in [23] requires 
r > 1 + -pj . Todorova and Yordanov in [35] showed that for compactly supported initial data 
there exists a positive constant r such that 

E u (t) < C(l + t)- T 

when 1 < r < 1 + ^xj and d > 3. 

In the case of exterior domain we mention the result of Nakao and Jung [30] which con- 
sider a dissipation which is allowed to be nonlinear only in a ball, but outside that ball the 
dissipation must be linear. For the generalized Klein Gordon equation we quote the result of 
Nakao [25] . 

For solutions of the system (II. ID and O is a exterior domain no results seems to be known. 
For another type of total energy decay property we refer the reader to [TBI \20[ l33 | l3| 132 } [15] 
and references therein. 

Before introducing our results we shall state several assumptions: 
Hyp A: There exists L > such that 

a (x) > eo > for \x\ > L. 

Definition 1. (w,T) geometrically controls f2, i.e. every generalized geodesic travelling with 
speed 1 and issued at t = 0, enters the set u in a time t < T. 

This condition is called Geometric Control Condition (see e.g. [5] ). We shall relate the 
open subset u with the damper a by 

u = {x £ $7; a (x) > eo > 0} . 

We note that according to [5] and [7] the Geometric Control Condition of Bardos et al 
is a necessary and sufficient condition for the stabilization of the wave equation in bounded 
domain. 

In this paper we assume that the initial data (uq, u±) in Hq (0) n H 2 ($7) x Hq (Q) and we 
prove that for a damper a positive at infinity and under the geometric control condition of 
Bardos et al [5]: 

(1) If 1< r < 1 + I and 

(m(> + g))2 Vu 
then the energy decays as 

E u (t) < C (In (b + t))- 



+ 



(In (6 + 9)) 2 ui 



< +OO, 



L 2 



+ 



+ ui 



L 2 



< +00 
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(2) If 1< r < 1 + I and 

(l + g)^Vn 
then the energy decays as 

E u {t)<C x {l + t)-i 

(3) If 1 < r < 1 + I and the initial data has a compact support, then the enegy decays as 

E u (t)<c 1 (i + ty^ 

Throughout this paper we use the following notations 



1 

|2\ 2 



x) = ( 1 + |x| I , for 



Let ip£C§° 



We set 



such that < ip < 1 and 



P 



1 for |x| < L 
for x > 2L ' 



2 (r + 1) if d < 3 
& if d>4 



Now we state the results of this paper. 
Theorem 1. We assume that Hyp A holds and (uj,T) geometrically controls f2. Let 

7 > ifl<r<l + l 



and 



In b = max 



((2 (r + l)) r+1 ,7-1, 7 - 1+ ^T^ £f, 



r+l 



where < <5o < 1 • Then there exists Cq > smc/i i/iai i/ie following estimate 

E u (t) < C (In (b + i)r 7 J , for all t > 
/ioZck /or every solution u of (jl.ip u;zf/i initial data (uq,ui) in Hq (Q) n -ff 2 (0) x ($7), suc/i 



(In (& + <?)) 2 Vm 



L 2 



+ 



(In (6 + g))a ui 



L 2 



< +OO, 



where 



+ 



2r , 
tf 1 + 



r + l , 

L r + 1 -t- 



(ln (& + <?)) 2 Vu 



2 1 II ||2 1 
H 2 + \\Ul\\ m + 

(ln(b + q)) 2 mf^ + (\\u \\ 2 H2 + \\ Ul \\ 2 m + \\ui\\%x) 3 4 I 



L2 
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Moreover we have 

j n (In (b + g (x) + t)y (|Vu| 2 + |9H 2 ) dx < C I , 

L +co in ^ggr 1 (' Vu|2 + |atn|2 ) dxds - Co/ °' 

Io°° In a (*) ( ln ( fe + 9 (x) + t)^ \d t u\ r+1 dxds < Colo, 
Ioa( X ) ^^^ \u(t)\ 2 dx <C I , 

Io +C ° In a (*) ^^r 1 I- (t)l 2 dxds < C I , 

In - (*) M ^Sm r Ol r+1 ^ ^ 

and J + °° J n a (*) ^gg^g |ti (i)f +1 dxds < C I . 



Theorem 2. We assume that Hyp A holds and (uj,T) geometrically controls fi. We suppose 

with 



that 1< r < 1 + I. Let < 5 < \ and < 7 < min ( S-J° ^±^t v^L 



k ' r—1 ' r—1 



fc 



+ 



_ 5(l+«5o)r 2 +8(|- 1 5o)(r-+l)+8(|) r (l+.5o) 
~~ 10r(r+l) 

y(5(l+3o)r 2 +8(|-<5o)(r+l)+8(|) r (l+<5o)) 2 -160((l+^o)(^^o))r 2 (r+l) 



10r(r+l) 

T/ien i/iere exists C\ > swc/i i/iai i/ie following estimate 

E u (t) < Ci (1 + i)~ 7 J x , /or allt>0 
holds for every solution u of (jl.ip tmi/t initial data (uq,ui) in Hq (fi) n -ff 2 (O) x i?Q (O), suc/i 



where 



h 



+ 



(1 + g) 2 «i 



(1 + g) 2 Vw 



2 1 11 1 1 2 . 

2 



L 2 



+ 



(1 + g) 2 «1 



L 2 



< +OO 



2r 

J? 1 + 



r+1 



+ 



L 2 



+ 



2 I, 11 2 

#2 + \\Ul\\ H i 



(1 + g) 2 Vu 
+ 1 



2r \ 2 
ff 1 



2 

L 2 



Moreover we have 

J n (l + q (x) + W (|Vu| 2 + |9^| 2 ) dx < Cxh, 

Jo + °° In 0- + ? ( x ) + s ) 7_1 (l v ^l 2 + l^^l 2 ) dxds ^ C ^ 
I +O ° In a 0*0 (1 + q(x) + s) 7 |a 4 n| r+1 dxds < dh, 
f n a (x) (1 + g (x) + t) 7 " 2 \u (t)\ 2 dx < C x h, 

Jo + °° Jn a ( x ) (! + + s ) 7 " 3 l« Wl 2 ^ < c ih, 
/ n a (x) (1 + g (x) + i) 7 " r |u (t)f +1 dx < dh, 



and j Q +co j n a (x) (1 + g (x) + s) 7 ^" 1 \u (t)\ r+1 dxds < dh. 



I r+1 
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Theorem 3. We assume that Hyp A holds and (oj,T) geometrically controls Q. Let < 5q <C 
1 and R > 1 such that O C Br. Then there exists C 2 > such that the following estimate 

E u (t) < C 2 (J?—\l 2 , for allt>0 

holds for every solution u of (II, ip with initial data (uo,u\) in Hq ($7) n H 2 (O) x Hq (Q), such 
that support of (uq,u\) is contained in Br, where 

p 

T II l|2 , 11 ||2 . 11 \\2r . n iir+1 , (\\ m2 . n 11 2 , n \\2r \ '2 

h = \\Uq\\ H 2 + \\Ul\\ H l + \\Ul\\ H l + ||U || L r+l + ( + ||«l||ifl + \\ui\\ H i I +1 

and < 7 < min (l^ 5 ^f^, with 

, _ 5(l+5 )r 2 +8(l-,5o)(r+l)+8(f) r (l+i5 ) 
K ~ 10r(r+l) 

^/(5(l+<5o)r 2 +8(l-<5o)(r+l)+8(f)''(l+^o)) 2 -160r 2 (r+l)(l^g) 
+ 10r(r+l) 

Moreover we have 

j +o ° (R + t) 7 " 1 E u (t) dt < C 2 R?1 2 , 
/ +o ° (R + t) 7 J n a (x) \d t u\ r+1 dxdt < C 2 WI 2 , 
J n a (x) \u (t)\ 2 dx < C 2 R? (R + t) 2 ^' I 2 , 
j n a (x) \u (t)\ r+1 dx < C 2 R? (R + t) r ^ I 2 , 
J +o ° (R + t) 7 ~ 3 J n a (x) |u (t)| 2 dxdt < C 2 R~<I 2 , 
and J +o ° (i? + ty- 1 *- 1 f n a (x) \u (t)\ r+1 dxdt < C 2 K<I 2 . 

First we remark that the constant C 2 depends on R, but we can prove the same result 
with constant independent of R. We note that that the rate of decay in the case of initial 
data with compact support is better or equal to the one obtained for weighted initial data 
with equivalent polynomial weight. 

The key idea is to use the following auxiliary functional 

X (t) = J n f (aq (x) +t)v (t) d t v (t) dx + ki J n fi (aq (x) + t)a(x)\u {t)\ 2 dx 
+ k 2 j n a (x) f 2 (aq (x) + t) \u (t)\ r+1 dx + kj n f (aq (x) + t) (\Vu (t)\ 2 + \d t u (i)| 2 ) dx, 

a > 0, u is the solution of (jl.ip with initial data in Hq (Q) x L 2 ($7) and v = (1 — tp)u where 
ki,k 2 and k are positive constants and 

fo^f, fi^-f" and/ 2 ^(/') r (/)- r+1 

where / is some positive, concave function. Then to show a weighted observability estimates 
for the local energy using technics based on the notion of microlocal defect measure and 
exploiting their properties. Especially the fact that the measure associated to a bounded 
sequence of solutions of the conservative wave equation propagates along the generalized 
bicharacteristic flow of Melrose- Sjostr and. 

We note that if we take initial data with finite weighted energy with weight slower than 
In (b + q) , for example lnln (b + q) , then the energy decays like (lnln (b + t))~ . 
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The rest of the paper is organized as follows. In section 2 we present some results on 
the weighted energy and we give a weighted observability estimate for the local energy. The 
section 3 is devoted to the proof of theorem land in section 4 we give the proof of theorem 
2, finally in the section 5 we give the proof of theorem 3. 

2. Weighted observability estimate 

The next result concern the weighted energy estimate for solutions of (jl.ip with weighted 
initial data. 

Proposition 1. Let <p be a positive function in C 2 (R+) such that tp 1 G L°° (R+) and <p" G 
L°° (R + ) . Let u be a solution of (jl.ip with initial data (no, u\) in Hq n H 2 (£1) x Hq ($7) 
such that 



J p(/iq(x)) (jVuo| 2 + |^i| 2 ) dx < oo. 



Setting 



E v («) (t) = ^ J V {Ml (x) + At) (|Vn| 2 + |d t n| 2 ) dx, 
where A, fi > 0. Then 



V^pVu G LZ (r+, (L 2 (ft))") and G L£ c (R + , L 2 (O)) (2.1) 



Moreover we have 



E v (u) (t + T) + f/ +T J Q a (x) <p \d t u\ r+1 dxds 

< E 9 (U) (t) + ^±t J n l^'l (| V n ( s )|2 + (s )|2\ drcds _ 



/or every t > and T > 0. 
Proo/. Let n G N*. We define 

9n (s) = go (L + n~ l g) 1 (s) = n (s - (I + n -1 ^) 1 (. 

the Yosida approximation of g : s i — > l s | r_1 s - 9n is monotone increasing and globally Lips- 
chitz. Let w be the solution of the following system 

' dfw - Aw + a(x) (1 + ipfi g n ((1 + ip)~^ d t w + h(t,xj) = f (t,x) R + x Q 

w = * l + x5fi ( 2 - 3 ) 

[ (w (o) , d tW (o)) = (wo,m) g h d (n) x z 2 (n) 

with / G L 2 oc (R+, L 2 (O)) and (1 + <p)^ ft g L 2 oc (R+, L 2 (0)) , where H D (O) the completion 
of (O) with respect to the norme 

WVoWhd = J |V^ | 2 da;. 
g n is a global Lipschitz function, therefore 

a (x) (1 + <p)$ g n ((1 + ipys 8 t w + h (t, x)) G L 2 loc (R+, L 2 (O)) . 
Using the fact that the function / G Lf oc (R+, L 2 (f2)J , we infer that the unique solution of 

weC (R+, Fd (O)) and d t w G C (R+, L 2 (Q)) , 
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and the following energy identity 

E w {t) + J J a(x)(\ + <p)% g n ((l + <p)~^ d t w + h(s,x)^d t wdxds 

= E w (0) + / / / (t, x) d t wdxds 
Jo Jn 

holds for every t > 0. 

Let u be the solution of the following system 

d%u - An + a (x) g n (d t u) = R + x Q 

(u(Q),d t u(0)) = («o,«i) 
with (u , ni) in (O) n # 2 (0) x Hq (O) such that 

y ^ (x)) (jVu | 2 + |^i| 2 ^ (fx < oo. 

The function g n is globally Lipschitz, hence 

ueL°° ([o, T] , Hi (fi) n # 2 (O)) n w 1 - 00 ([o, r] , (O)) , 

moreover we have the following energy identity 

E u {t) + [ fa (x) g n (d t u) d t udxds = E u (0) 
Jo Jn 

i 

We set v = (1 + 9?) 2 u. Therefore v satisfies 

d^v - Av + a(x) (1 + v?)2" g n {{I + <^)~i d t v + h(t,x)j = f(t,x) R + x O 

< v = ' R+ x dn 

k (^(0),^(0)) = 

with 

(«0,ui) = ^(l + 93)^u ,^(l + 93)~^ / u + (l + <^)5ni^ 
/i(t,x) = ~(l + ip)~ l y'u 

and 

/ (t, x) = 1 [„ (> (1 + p)-* - 1 (^') 2 (1 + ^)- 3/2 ) Jff + (| " Jff) ^ (1 + 
+f [p" (1 + <p)~* - | (V^O 2 (1 + ^) _3/2 ] « + ^ (1 + [Idtu + n*f) 
It is easy to see that 

(va,vi) 6 x L 2 (0) 

(l + p)H(t,x)eLf 0C {R + ,L 2 (O)) 
f(t,x)€Ll c (M + ,L 2 (O)) 
Therefore using (|2.4p . we deduce that 

^« (*) + Jo Jn a ( x ) ( X + V) 5n d t udxds 

= E v (0) + /(J J n (1 + 3 / (t, x) d 4 udxds + f /„* J n (1 + / (i, x) y/udards 
-j Jq J n a (x) (p'g n (d t u) udxds 
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It clear that there exists a positive constant C = C (A, fj,, (p) such that 
Jo In ( X + V 3 )^ f (t,x)d t udxds < C f*f n \u\ 2 + \d t u\ 2 + | Vu| 2 cteds, 

I Jo la i 1 + ^) ^ f (*> x ) V'udxds < C J * / n |u| 2 + |a 4 ti| 2 + |Vu| 2 dxds 
and 

| Jo J n a(x)ip'g n (dtu)udxds < C J* f n a (x) \u\ r+1 + a (x) (l + n~ x g) 1 (d t u) 
Now using (|2.6|) and the fact that 

<9 t u > (J + n _1 5-) 1 («9 t it) 

we infer that 



r+l 




(x) (/ + n -1 ^) 1 (d t u) ' ' ' dxds < E u (0) 



o Jn 



r+l 



and 

We have 



Jo* In l a H 2 + I Vn| 2 dxds < (1 + t) E u (0) 

J n \u (s)\ 2 dx < C (1 + s) 2 (e u (0) + Huollia 
and 



with v 



J n a (x) \u (s)\ r+L dx < C (1 + sf (E u (0) 
2 ( p "- 1) and 



r+l 
2 \ 2 

L 2 



(r+l)(p-2) 



P = S 2d 
d-2 



2 (r + 1) if d < 2 



if d > 3 



Therefore 



/* Jo \u\ 2 dxds < C (1 + i) 3 (X (0) + llnollis 



and 



Jo In a (*) H r+1 dxds <C(l + t) v+v ( E u (0) + \\u \\l 2 



|2 \ 2 



Combining the estimates above with (|2.8p , we obtain 

E v (t) + L f n a (x) (1 + (p) g n (d t u) d t udxds 

( r+l 
E v (Q) + E u (0)+ (^(0) + ||u || 2 2 ) 2 + |M| 2 

with a = max (3, v + 1). It is clear that 

(t) < 2E v (t) + C\\u(t)\\ 2 L2 
Therefore combining the estimate above with (|2.10p and (|2.9p we obtain 
E v (u) (t) + Jq f Q a(x)(l + tp) g n (d t u) d t udxds 

E v (u)(0) + E u (0)+ (e u (0) + \\u \\ 2 l ^ 2 +\\u \\ 2 L2 

We note that C = C (A, fi, if) . 
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Let (u , ui) in H$ (O) n H 2 {9) x H% (O) such that 

y (x)) (jVuo| 2 + |ui| 2 ^ dx < oo 

and consider the system 

<9 t 2 ii n - Au n + a (x) 5 n {d t u n ) = M+ x O 

u n = M+ x 90 (2.12) 

(li n (0) ,<9f1ifc (0)) = (u ,ui) 

From ()1.2p and (|1.3p , we infer that there exists u such that 

u n — > u in the weak star topology of L°° ([0, T] , Hi (O) n i? 2 (Q)) 

n— S-+CO 

<9jti ra — ?■ 9jtt in the weak star topology of L°° ([0, T] , Hi ($7)) 

n— >+oo 



i-l (2 13) 

(I + n _1 g) (dtu n ) — > d t u in the weak topology of L r+1 ((0, T) x 0,a) v • ; 

r + l 

g ra (dtu n ) — > ip in the weak topology of L~ ((0, T) x U, a) 

n— >+oo 

To show that, ^ = g (dtu) , we proceed as in [231 P55-56]. By a classical compactness ar- 
gument, we can show that there exists a subsequence of (u n ) still denoted by (u n ) , such 
that 

dtu n — > dtu strongly in L 2 (K) . (2-14) 

n— >+oo 

for a given compact subset K of (0, T) x $7. Therefore we can assume that 

dtu n — > dtu, a.e. in K. 

n— >+oo 

Since the function s i — >• (7 + n _1 p) 1 (s) , is non-expansive on R, we obtain 

(I + n -1 ^) 1 (d t u n ) — > d t u, a.e. in K. 

Hence 

ffn (5ti*n) — > 9 (dtu) , a.e. in K. 
n— y+oo 

This enough to gives ip = g (dtu) . Therefore u is a solution of (|l.ip with initial data in 
Hi (tt) n H 2 (fi) x Hq (n) such that 



(/? (fiq (x)) ^|Vno| 2 + \ui\ 2 ^j dx < oo. 
Now using (|2.1ip and the fact that 



9n {d t u n ) d t u n > [1 + n x g) 1 (d t u n ) 
we infer that 

v/T-F ipd Xi u n — Vi hi the weak star topology of L°° ([0, T] , L 2 (O)) , i G {1, .., c?} 

n— >+oo 

\/l + ipd t u n — > 6 X in the weak star topology of L°° ([0, T] , L 2 (Q)) 
(aCL + tp))^ (I + n- l gY l (d t u n ) — ► 4> 2 in the weak topology of L r+1 ((0,T) x $7) 
Now we show that 

V>j = y/T+~<pd Xi u, (f> 1 = VI + fd t u and 2 = (a (1 + ^)) ? + T d t u 



r+l 
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Let K be a compact set of (0, T) x fl. Using (|2.14j) and extracting a subsequence if necessary 

dtu n — > dtu, a.e. in K, 

hence 



+ fd t u n — > \A + <pd t u, a.e. in K, 



and using the fact that the function s i — > (I + n l g\ 1 (s) , is non-expansive on R, we 
obtain 

(a(l + (^))^r (l + n -1 ^) -1 (d t u n ) — > (a (1 + tp))^ dtu, a.e. in K, 

n— >+oo 

This is enough to imply 

X = y/T^^dtu and c/> 2 = (a (1 + <p))~ d t u 

Prom (|2.13|) and by a classical compactness argument, we can show that there exists a sub- 
sequence of (u n ) still denoted by (u n ) , such that 

dxiUn — > d Xi u strongly in L 2 (K) . 

n— >+oo 

Therefore extracting a subsequence if necessary 

d Xi u n — > d Xi u, a.e. in K, 

71— > + 00 

which gives 

J I + ipd x .u n — > + <fd Xi u , a.e. in K. 

n— !-+oo 

We conclude that 



tp { = + tpd x .u, i G {1, .., d} . 

Therefore 

V^Vn G (R + , [L 2 (Jl)) 4 *) and G Lf oc {R + ,L 2 (fl)) (2.15) 



We remind that 

u g (n) n (0)) n ju 1 - 00 (R+,^0 1 (o)) n IU 2 ' 00 (m+,l 2 (o)) . 

Let R 3> 1 and setting S* (i?) = <9-Br. It is clear that 
\i InnB R V (\Vu (t)\ 2 + \d t u (t)\ 2 ) dx + J QnBR a (x) <p \d t u (t)\ r+1 dx 

= t JnnB R <S (j Vu Wl 2 + \ Q t u (^)l 2 ) dx + JnnB R ^ u (*) " V(9 ^ (*) + <Mu (*) (*) ^ 
= I LnB fl ^ (| V« (t)| 2 + \d t u (t)\ 2 ) dx - n f nnBR V'^d t u (t) dx + f s{R) ^-^d t u (t) dS, 
Integrating the estimate above between t and t + T, we obtain 



/nnB fl V (j Vn (* + T )\ 2 + \dtu (t + T)| 2 j dx + / nnBs a (*) <p \d t u\ r+1 dxds 
< E v (u) (t) + | // +T / n H (jVu (s)| 2 + \d t u (s)\ 2 ) dxds (2.16) 



+Vft +T In V'^ffidtuis) dxds + ft +T f s(R) ip ^^d t u{s) 



i'V«(s) 



dSdr 



Using Young's inequality 



f t+ f ^ ^LL^d t u dSdr < \ t + [ (\d r u\ 2 + \d t u\ 2 ) ^pdSdr 

Jt JS(R) ft 2 Jt Js(R) V ' 
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From (|2.15p , we infer that 



lira inf 

B — ^+00 



t+T 



S(R) 



Vu\ 2 + \d t u\ 2 ) tpdSdr = 



Passing to the limite in (|2.16p , we get 

E v (u) (t + T) + j t t+T J Q a (x) ip \d t u\ r+1 dxds < E v (u) (t) 

+1 ft +T In W\ (l V« (s)\ 2 + \d t u (s)\ 2 ) dxds + „ j; +T j n \^d t u (s) 

Young's inequality, gives 



dxds 



E v (u) (t + T) + J t t+T J Q a (x) (1 + if) \d t u\ r+1 dxds < E v (u) (t) 



+^ It +T In W\ ( |V« (s)\ 2 + \d t u (s)\ 2 ) dxds. 



□ 



Next we prove a weighted observability estimate for the local energy of solutions of the 
system [TTT1 the proof is based on the notion of the microlocal defect measures. These measures 
were introduced by Gerard [13] and Tartar [M] and used to prove stabilization and control 
results for partial differential equations. 

Proposition 2. We assume that Hyp A holds and (u>,T) geometrically controls fi. Let <p 
be a positive function in C 2 such that ip' G L°° (K + ) . We suppose that there exists a 
positive constant K such that 



sup 



Moreover we assume that the function t 



<f>(t) 



< K. 



5, Co and c\ be a positive constants and % £ Co 
such that the following inequality 



00 fit 



is decreasing and lim 

t— >+oo 



0. Let 



There exists Cts^ > and T\ > 0, 



It +T In X 2 (a?) <P (M (a?) + As) (\u\ 2 + \Vu\ 2 + \d t u\ 2 ^j dxds 
< Ct,s,x It +T In a ( x ) V (PI ( x ) + ^ \dfu\ 2 dxds 
+Ct,s, x It +T In a ( x ) ^ (w ( x ) + As) \g (t, x)\ 2 dxds 



(2.17) 



+^T,S,xJt Jn <p{ M {x)+\s) a { x )\ u 

+Sj' t t+T J n V (m (x) + As) (jVu (s)\ 2 + \d t u (s)| 2 ) dxds, 



' dxds 



holds for every 



t>T x , 

ci < A < c , 

< fi < c , 

g such that y/ipg G Lf oc (R+, 1? (fi)) 



for all 



ueC 







BEAHVIORS OF THE ENERGY 



13 



solution of 

dfu — Au = g in M + x tt, 

< u = on R + x T, (2.18) 

it (0, x) = uq and dtu(0,x) = u%. 

such that Eu, (u) (0) < oo. 

Proof. To prove this result we argue by contradiction: If (|2.17p was false, there would exist 
a sequences 

(t n ) such that t n — > +oo 

n— >+oo 

(A n ) such that c\ < X n < Co 

(fi n ) such that < /i n < Co 

(g n ) such that ^pg n £ Lf oc (R+, L 2 (O)) 

and a sequence of solutions (u n ) in C° (M+, i?Q (fl)) n C 1 (R + , L 2 (O)) with E v (u n ) (0) < oo 
and such that 

It" +T In X 2 ( x ) V i^nQ ( x ) + ^ns) (\u n \ 2 + \Vu n \ 2 + \d t u n \ 2 ^j dxds 
>n( Jt" +T J Q a (x) cp (n n q (x) + X n s) \d t u n \ 2 dxds^j 

+ n It" +T JnViPnQix) + X n s)\g n (s,x)\ 2 dxds (2.19) 
+ 5 £ l+T /n f (VnQ 0*0 + A n s) (|Vn (t)\ 2 + (i)| 2 ) dxds 

Setting 

a n = // n n+T In ^ ( x ) f (VnQ ( x ) + Ans) (W| 2 + I Vu n | 2 + \d t u n \ 2 ^j dxds 
and v = ^(M( I ) +A,lS ^""( t " + ') 

Therefore from (|2.19p we infer that 

£ //; +T / n V K«Z 0*0 + (l Vn (i)\ 2 + \d t u (t)\ 2 ) dxdt < |, (2.20) 



and 



■^t l! n+T Jo a ( x ) ^ i^nQ ( x ) + Ks) \d t u n \ 2 dxds — ► 
^//r +T /nV(^n9(^) + Ans)bn(s,x)| 2 dxds — » . (2.21) 



n— >-+oo 

J ^ V ' VlAWW+AraS) ' rW + OO 

It is clear that v n is a solution of the following system 



d\v n - Av n = f n (t, x) in M.+ x U, 

v n (t, x) = on M + x T, 
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fn(t,x) 



Jfrt 

2(7 r, 



if' (if) 2 Un (t n +t) 



+ 



+ 



An 
2a n 



A n <9^„ (i n + i) + y. n 



x-'Vu n (t n +t) 



It is easy to see that (|2.19p . gives 



Jo In 



2cr 



r V 9 



(99) 2 « n (t n + t) 



dxdt 



n— y+00 



and 



Jo" Jo |& [A (V feO _ * - 2 (vf ^ 3/2 )] (*n + t) 



dxdt 



-^lJt n Jn a \ x ) V ( pq (x)+xs) l n «l dxds 
Moreover we have, 

_ 1 2 

, g f \ «.„ 1 -A 1 .. X-Vlljtn+t) } 

in 



(y'( m {x)+\s)f 



n— >+oo 



/o /n 



On 



Xnd t U n (t n + t)+ ^ U f +t) 



dxdt 



< 



% (tw) 2 io" In V (Unq (x) + A n (t n + s)) (\d t u n (t n + t)\ 2 + |Vu„ (t n + 
0, 



dxdt 



< C ( f'(cit n ) 



n— >+oo 



and 



1 




a n Jo Jn 
We conclude that 



a (x) ip (fi n q (x) + A n (t n + s)) \g n (t n + t, x)\ 2 dxds 



'0 Jn 




\f n (s,x)f dxds — > 0. (2.22) 

n— >+oo 



On the other hand, we have 

J T E Vn (t) dt<^ //; +T /„ <p (n n q (x) + X n s) (|Vu n (t)\ 2 + \d t u n (t)\ 2 ) dxdt 

+^f L it: +T in ( ^sg:tf k wi 2 ^ 



< 



1 fin+T 



JC Jn ^ 0*n« + XnS) l\Vu n (t)\ Z + \d t U n (t)\ Z ) dxdt 



+ 



It +T In « (*) ^Sgg/" K ^ dxdt 
+^ L cl(^tj) 2 J n \Vv n (t)\ 2 dxdt 

(p' (t n 



\ lp(cit n ) 

Using the fact that 



lim 

Tl — > + 00 
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we infer that, there exists no 6 N, such that 



\ E Vn (t) dt < Cs for all n > uq 
Jo 



Now we prove that the total energy of v n is bounded on [0, T] . Let Z n be the solution of the 
following system 

d 2 t Z n - AZ n = R + xfi, 
Z n = K + xT, (2.23) 

(z„ (o) , d t z n (o)) = (v n (o) , d t v n (o)) . 

The hyperbolic energy inequality gives 

supE Vn _ Zn (s)<C T \\f n (t 

> X )\\L 2 (\0,T],L 2 (n)) 

[0,T] 

Now using (|2.22p , we deduce that 

supE Vn _ Zn (s) — > 0. 

[0,T] n->+oo 

Turn into account of the estimate above, we obtain 



JO 

< 2Tsup^ n _ Zn (s) + 2 / £„ n (i) eft 

[0,21 JO 



dt 



which means 



[0,21 



supE Zn ( s ) = £^ (0) < Qr,i. 

[0,2] 



Using the result above and ( [HJ proposition 2]), we infer that 

E Vn (t) < 2e T (E Vn (0) + J T J n |/ n (r, x)| 2 dxdr) for < t < T 



< C T ,8, for all < t < T. 

We have 

£ f n a (x) \d t v n \ 2 dxdt < % H : +T J u a I«» Ml" 

+ //™ +T a ( x ) P (^n<? 0*0 + ^nS) \8 t U n \ 2 dxds. 

Now using (I2.2ip , we deduce that 



f [ a (x) \d t v n \ 2 dxdt — ► 0. (2.24) 

JO Jn n^+oo 



Using the microlocal defect measures associated to solutions (I2.23j) and proceeding as in [12 
Proof of proposition 3] by taking into account of ()2.22|) and (|2.24p . we infer that 

[ [ X 2 (x) (\v n \ 2 + |Vt» n | 2 + \d t v n \ 2 ) dxds — > 0. 

Jo Jn V ' n->+oo 
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The contradiction follows from the fact that 
i < cf^ J nX 2 (x) (\v n \ 2 + \Vv n \ 2 + \d t v n 



dxds 

+4 r/»+ T r (yW£l+^£))! Q (x) i u f dxds + c f ^J) 2 ft r \ VVn ( t )\ 2 dxdt — ► o. 

□ 



3. Proof of Theorem 1 



3.1. Preliminary results. 



Proposition 3. We assume that Hyp A holds and (uj,T) geometrically controls f2. Let 
(3 > — 1. Setting 

lr/ (b + s) h/(6 + S ) 

/ (*) = — i" » Ji ( s ) 



(6 + a) 



where 



Ze£ 5,i?o > 0. There exists Cxs Ro > anc ^ > 0> suc/t i/iaf f/ie following inequality 
rt+T r r i , , , . / i r- 1 2 , i . , 2 



JT W / (<? (*) + s ) (I V < + l^rj dscfa 
< C T ,s,Ro Jt +T a (x) f (q (x) + s) (\d t u\ 2 + \d t u\ 2r ^ dxds 
+Ct,s,r Jt +T J n a (x) f[ (q (x) + s) \u\ 2 dxds 
+ 5 It +T In f (l ( x ) + s ) (l V ^ ( s )\ 2 + \ d t u (*)| 2 ) dxds, 



(3.1) 



holds for every t > T\ and for all u solution of (jl.ip with initial data {uq,U\) in Hq (Q) (1 
H 2 (Q) x ff^(O). 

Proof. It is clear that there exists a positive constant K, such that 

f" (t) 



sup 



/'(*) 



< K. 



In addition the function t 
C > 0, such that 



/'(«) 
fit) 



is decreasing and lim 

<— s-+oo 



fit) 
fit) 



0. Moreover there exists 



(mi 
at) 



< C (-f{ (t)) , for all t > 0. 



Since 

d t u G L c 

From Sobolev imbedding, we deduce that 



■ flo(n)) 



Q\d t u\ r eLl c [m + ,L 2 (n)). 



Let x G C, 



such that 



1 for |x| < i?o 
for x > 2R 
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Therefore using ()2. 17[) , we infer that 

ft +T InnB Ro f (<? 0*0 + s ) {\ u \ 2 + \ Vu \ 2 + \ d M 2 ) dxds 

< It +T In X 2 (x) f (q (x) + s) (|u| 2 + \Vu\ 2 + \d t u\ 2 ) dxds 

< C TARo jl +T J n a (x) f (q (x) + s) (\d t u\ 2 + \d t u\ 2r ) dxds 

-CC T ,5,R Jt +T J n a (x) f{ (q (x) + s) \u\ 2 dxds 

+ 6 ft +T In f (l ( x ) + s ) (l V ^ (^)l 2 + (*)| 2 ) dxds > 
This finishes the proof of the proposition. □ 

In order to prove theorem 1 we need the following result. 
Lemma 1. Let (3 > —1, T > and < <5o < 1. Setting 

* (*)= In"" 1 (& + *), f(s) = ^, /i(«) = ^ 
and / a (s) = — (b+s) V , 

with 



lot = max f P(r 4- l)) r+1 , ft ^f^, (S^^)^) 

Setting w = tpu and v = (1 — tp)u where u is a solution of (ll.ip u>ii/i initial data in Hq (f2) n 
if 2 (0) x -£Tq ($7) suc/i that E v (u) (0) < oo. Let t > and we sei 

* (*) = In f (q (x) +t)v (t) 8 t v (t) dx+^f n h (q (x) +t)a (x) \u (t)\ 2 dx 

+ j n a (x) h (q (x) + t) \u (t)\ r+1 dx + ^j n ln^ 1 (b + q(x) + t) (\Vu\ 2 + |d t u| 2 ) dx, 

where 



We have 



X(t + T)-X(t) + S f J/ +T f Q f (q (x) + s) (| Vu| 2 + \d t u\ 2 j dxds 

~ (t " |) It t+T In « (*) /i (9 (*) + «) I" (*)! 2 

-I // +T In a ( x ) fL (<? 0*0 + «) l« (*)| r+1 dxds 

+ W+T) It t+T In a ( x ) ln/3+1 ( b + Q(x) + s) \d t u\ r+1 dxds 

t+T r £ ( / \ i \ f \ |2,| t— 7 1 2 , i o 1 2^ 



(3.2) 



+2 (i- + + 4fc) J t t+T f n a (x) f (q (x) + s) \d t u\ 2 dxds 

for some C > 0. 
Proof. We have 

J ip (q (x)) (jVu | 2 + |iii| 2 ) dx < oo. 



(3.3) 
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Then from (|2.2p , we infer 

E v (u) (t + T) + !t +T f n a (x) up (q (x) + s) \d t u\ r+1 dxds 
< E v (u) (t) + (/3 + 1) j l t +T J n f (q (x) + s) (\Vu (s)\ 2 + \d t u (s)| 2 ) dxds. 

Setting 

X o (*) =Jnf(q (») + *) « (*) (*) dx + ^J Q h {q (x) +t)a (x) \u (t)\ 2 dx 
+ f n a(x)f 2 (q(x)+t)\u(t)\ r+1 dx 

We have v = (1 — ip) u. Then v is a solution of 

d?v -Av + a (x) \d t u\ r ~ X d t v = g (t, x) R + x U, 
v = M+ x r, (3.4) 

(v (0),d t v (0)) = (l-^)(«o,«i), 

with 

g (t, x) = 2V^Vu + uAil). 
Now using the fact that v is a solution of ()3.4p . we get 

f t X (*) = f n (\d t v (t)\ 2 - \Vv (t)\ 2 - a (x) \8 t u {t)\ r ~ l vd t v (t) + g (t, x) u) / (q (x) + t) dx 

+ J a f (q (x) + t)v (t) dtv (t) dx + \j n Af (q (x) + t) \v (t)\ 2 dx 

ki(j a a (x) fx (q (x) +t)u (t) 8 t u (t) dx+±f Q a (x) f[ (q (x) + t) \u (t)\ 2 dx) 

+ f n a (x) f 2 (q (x) + t) \u\ r+1 dx+ (r + 1) J n a (x) f 2 (q (x) + t) |u| r_1 ud t udx 

We have 

^ ! <(1+I)8|) 1 ^ l <-(1 + I/3|)^W 
and 

(Ms)) 2 _ ln^b+s) < 

By taking into account that the support of (1 — ip) is contained in the set {i£!!,a (x) > eo} 
and using Young's inequality we infer that 

\J n f(q(x)+t)v(t)d t v(t)dx\ 

< -f L « (*) f'l fa CO + *) |« (t)\ 2 dx + W / n a (x) f (q (x) + t) \d t u (t)\ 2 dx 

and 

In a f l (l ( x ) + t ) u (*) ^i - " (*) ^ 
<-W„o(i) /( (g (s) + t) \u (t)\ 2 dx + 8h /„ a (x) f (q (x) + t) \d t u (t)\ 2 dx 

Using Young's inequality we deduce that 

k 03 + 1) /„ / (q (x) + t) ^fd t u (t) dx < M^li J n f ( q ( X ) + t ) (\Vu\ 2 + \d t u\ 2 ) dx 



We have 
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f'(A- q lnf-Hb+s) ln*»(ft+s) < n 

and 



Since 



r+l 



A/ (g (x) + t) = f" ((g (x) + t)) iff + /' ((g (x) + t)) (f - Jff ) 

</"((« (*) + «)) 
Therefore we obtain 

I / n A/ (g (x) + i) |t, (t)| 2 dx < - J / n a (x) /{ (g (x) + t) | u (t)| 2 dx 

We have 

-/2 K.S) > (b+s)r+i 

(/ ( s) < ^ 

(/ 2 ( S ))^ln-^( S )<^ 

Using Holder's and Young's inequalities, we obtain 

J n a (x) / (g (x) + s) \d t u ud t udx 

T 

< (In6)-7TT (/ n a(x)ln /3+1 (g(x)+s)|^r +1 ^)^ T x (- / fl a (x) (g (x) + s) |u| r+1 dx) 

< (ln6)~^T / n a (x) ln^ 1 (g (x) + s) dx - (In 6) _ 4i / fl a (x) (g (x) + s) \u\ r+1 dx 
and 

(r + 1) J n a (x) f 2 (g (x) + s) ud t udx 

< (r + l)(ln6)"^r (/ Q a (x) ln^ +1 (6 + g (x) + s) |<9 t uf +1 dx) ^ 
x(-^a(x)^(g(x) + S )|< +1 dx)^ 

< (In 6)"^ / fl a (x) ln^ 1 (g (x) + s) |dtu| r+1 dx - r (In J Q a (x) (g (x) + s) |u| r+1 dx 
Thus 

J t J" n a (x) / (g (x) + s) \dtu\ r ~ udtudxds + (r + 1) J" J n a (x) / 2 (g (x) + s) |w| r ~ udtudxds 

< (r + 1) (ln&) _ ^T J Q a (x) ln^ 1 {b + g (x) + s) |d t uf +1 dxdds 
-(r + l) (ln&r^T a ( x ) ( g ( x ) + s ) l^l^ 1 dxdds 
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Since a (x) > €q on the support of (1 — ip) , therefore 
J a f(q(x)+t) (\d t v(t)\ 2 -\Vv(t)\ 2 )dx 

= 2j n f(q (x) + t) \d t v (t)\ 2 dx-j n f (q (x) + t) (\Vv\ 2 + \d t v\ 2 ) dx 
<2j Q f(q (x) + t) \d t v (t)\ 2 dx-y n f(q (x) + t) (|Vu| 2 + \d t u\ 2 ) dx 
+ f n f(q (x) + t) (\Vw\ 2 + \d t w\ 2 ^j dx 

<r fn a ( x )f (9 0*0 + t) \d t u (t)\ 2 dx-\j Q f{q (x) + t) (\Vu\ 2 + \d t u\ 2 ) dx 
+ f n f(q (x) + t) (\Vw\ 2 + \d t w\ 2 ^j dx 

The function x £ Co° ano - support of ^ is contained in B 2 l- Then it is clear that there 
exists a positive constant C, such that 

|/n / (« 0) + 05 (t, < C / nnBaj . / (g (x) + t) (m 2 + | Vu| 2 ) dx. 

Since ui = ipu Therefore, there exists a positive constant C such that 

/„ / (q (x) + s) (\Vw (s)\ 2 + \d t w ( S )| 2 ) dxds 

^ °InnB 2L f (? (*) + s ) (l«| 2 + l V ^! 2 + l^«| 2 ) **** 

By taking into account of the estimates above and integrating (13.51) between t and t + T, we 
obtain 

X (t + T) — X (t) + (1 ~ 2(1 2 +/3)fc) J/ +T f a f (q (x) + s) (|Vu| 2 + |^n| 2 ) dxds 

- - |) JT T /n ° (*) fi (*) + s ) l« ( s )l 2 

- (l - (r + 1) (lnft) - ^) J t t+T f Q a (x) f 2 (q (x) + a) \u\ r+1 dxds 

+ (k-(r + l) (ln6)"^t) j t t+T J" a (x) h/ +1 (6 + q (x) + s) |^«| r+1 dxds 

< C J/ +T Ln£ 2i / (*) + s ) (M 2 + l Vn ! 2 ) dxds 

+ (I + ^Tpf 1 + 8fcl ) JT T /n a (*) / (*) + s ) W 

Using the fact that k = 2 \]j+i) anc ^ 

b6 > m ax((2 (r+ l)r-,(i(^±il) r+1 ) 
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We obtain 

X(t + T)-X(t) + % jt +T f n f (q (a?) + s) (| Vu| 2 + \d t u\ 2 ) dxds 
It +T In a ( x ) fi (l ( x ) + s ) \ u Wl 2 dxds 



ki _ _2_ 

4 e 



~\ It +T In a ( x ) ?i (l ( x ) + s ) l n l r+1 dxds 
+ 4WI7 I t+T In a ( x ) ln/3+1 ( b + q( x ) + «) l^| r+1 dxds 

"t+T r j. , , k . \ ( \ 1 2 1 1 v7 1 2 1 10 1 2 



(3.6) 

< c jt j w L / (1 ( x ) + (m 2 + i v ^i 2 + dxds 

+2 (i + + 4h) f t t+T J Q a (x) f (q (x) + t) \d t u\ 2 dxds. 

□ 

3.2. Proof of Theorem 1. We assume that Hyp A holds and (co,Tq) geometrically controls 
fi. Let u be a solution of (jl.ip with initial data in Hq (fi) n if 2 (fi) x Hq (fi) such that 
E 9 (u) (0) < 00. Let < 5 < 1 and T > max (T , Ti). Setting 

* («) = (6 + .) , / (.) = *g±4 A (s) = ^ and / 2 (.) = 

with 



Int = ,« ( (2<r + I))"", ft *±^, (S^agta)"' 



and 

7 = /3 + l>0 ifl<r<l + | 



0<7 = /3 + K^ T if r = 1 + I 
We define 

X (t) =f n f(q (x) +t)v (t) d t v (t) dx + ^f n h (q (x) + t) a (x) \u (t)\ 2 dx 

+ J n a (x) h (q ( x ) + t) \u {t)\ r+1 dx + lf n ln^ 1 (b + q (x) + t) (\Vu\ 2 + \d t u\ 2 ) dx 



where v = (1 — if)) u and 



WTTy kl > a 



According to lemma [TJ 

X(t + T)-X(t) + S f // +T f n f (q (x) + s) (| Vu| 2 + \d t u\ 2 ) dxds 

- (x - i ) J/ +T In a ( x ) fi (« ( x ) + s ) M 2 dxds 

-3 // +T /n a ( x ) /a (a) + s) \u (t)\ r+1 dxds 

+4wry // +r In a ( x ) ln/m ( ft + q ( x ) + s ) \ d M r+1 dxd * 

"t+T r £ 1 / \ i \ A i2 , in |2 , ia |2 N 



(3.7) 



< C JT JnnB 2L / (*) + «) ( H + |V«r + \d t u\ 2 ) dxds 



+ 4fci) // +T /„ a (x) / (g (x) + s) \d t u\ 2 dxds 
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The estimate (|4.ip . gives 

-t+T r , , / \ . „n /i ,2 , IV7..I2 



/nnB M / (? (*) + s ) (M + W<) dxds 
< C T ,6 J Q a (x) f (q (x) + s) (\d t u\ 2 + |9tit| 2r J dxds 
-C T ,8 Jt +T J Q a (x) f[ (q (x) + s)\u\ 2 dxds 
+C5 J/ +T f Q f (q (x) + s) (| Vu| 2 + \d t u\ 2 ) dxds, for all t > T x 



(|3,7p and the estimates above gives 

X(t + T)-X(t)+(&- CS\ j t t+T j n f (q (x) + s) (\Vu\ 2 + \d t u\ 2 ^j dxds 

-(^t-To- °t,s) f t t+T In a ( x ) A (<? (*) + s ) M 2 dxds 



1 It +T In a ( x ) & (9 (») + s ) l«| r+1 dxds 



2 



< 2 (i + + 4A* + C r ,,) J/ +T J n a (x) f (q (x) + s) \d t u\ 2 dxds 

+C T ,s It +T Iq a (?) f (<? (x) + s) \d t u\ 2r dxds 
for every t >T. Using Young's inequality we get 

X (*) < (f + db) In a ( x ) h (q (x) + t) \u (t)\ 2 dx 

+ (k + ±) f Q h/ +1 (b + q(x) + t) (| V« (t)\ 2 + \d t u (t)| 2 ) dx 

+ J n a(x)f 2 (q(x)+t)\u(t)\ r+1 dx 

and 



x (*) > (t - 2^7) L « 0=) /1 (9 (*) + *) W dx 

+ (k-%) I n h/ +1 (b + q(x) + t) (| Vn (t)\ 2 + |d t u (t)| 2 ) dx 
+ f n a(x)f 2 (q(x)+t)\u(t)\ r + 1 dx 



for all e > 0. We choose 



5 such that C<5 < 
e such that k — — > 



l-<5o 



e - 803+1)' 

k x such that ^ - ^7 - > and ^ - | - C T)S > 6 . 

Therefore using (j3.8|) we obtain 

X (t + T) - X (i) + & J/ +T /„ / (q (x) + s) (| Vu| 2 + |9^| 2 ) dxds 

— £0 J*/ +T a ( :r ) /1 ( x ) + s ) l u | 2 dxds — I // +T J n a (x) (q (x) + s) |u| r+1 <ixd,s 

+ 8^1) It t+T In a W ( b + Kx) + s) \d t u\ r+1 dxds 

< k 3 It +T In a ( x ) f (Q (x) + s) (\dtu\ 2 + \d t u\ 2r ) dxds 
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for every t >T and for some k% > 0. Thus 



X (nT) + f ff f n f (q (x) + s) ( |V«| 2 + \d t u\ z ) dxds 



—60 J^ T J n a (x) f[ (q (x) + s) \u\ 2 dxds — \ J^ 1 J n a (x) f 2 (q (x) + s) \u\ r+L dxds 
+ 8^|rT if In a ( x ) ln/3+1 ( b + l( x ) + s ) \ d M r+1 dxds 



1 rnT 



< k 3 In a ( x ) f (? ( x ) + s ) ( \ 9 t u \ + \ d M ) dxds + X (T) , for all n > 1. 
Using proposition [Q we deduce that 

X(T) + S -i f J n f (q (x) + s) (| Vu| 2 + |9^| 2 ) dxds 

J T I Q a (x) f[ (q (x) + s) \u\ 2 dxds - \ Jq J n a (x) f 2 (q (x) + s) \u\ r+1 dxds 
+ lo In a ( x ) ln/3+1 ( b + q(*) + s) \d t u\ r+1 dxds < C T I 

with 

h = 



2 1 11 I I 2 . 

H 2 + \\Ul\\ H l + 



2r , 

m + 



+ 



L- 



+ 



2 

H 2 



r+1 , 

L r + 1 -t- 

2 + 



(In (& + <?)) 2 V« 
+ 1 



2 

L 2 



E 

2r \ 2 
H 1 



(ln(6 + g)) 2 ui 
Combining f)3. 12j) and ()3.13f) , we obtain 

X (nT) + 5 f Jfj n f (q (x) + s) (|Vu| 2 + \d t u\ 2 ) dxds 

~ s a if In a ( x ) fi (« ( x ) + s ) \ u ? dxds ~ \ if In a ( x ) f'2 (l ( x ) + s ) \ u \ r+1 dxds 
+WTt) If In a ( x ) ln/m ( b + <?(*) + °) \dt< +1 d xds 

<k 4 ( /™ T J n a (x) f (q (x) + s) (j<9t-u| 2 + |d t u| 2r ) dxds + / ) , for all n G N. 
for some k^ > 0. We remind that 



P 



2 (r + 1) if d < 3 



(3.12) 



(3.13) 



(3.14) 



We have r + 1 < 2r < p, using interpolation inequality and Young's inequality, we obtain 



if In a ( x ) f (l ( x ) + s ) \dtu\ Zr dxds 



< if f (s) J n a (x) \d t u\ 2r dxds 



< If f W ( Jn « (*) l^r +X ^) (In « W dx) ^ d s 



ir+l 



p — r — 1 



< 



p — r — 1 



0-1 p-r-i C3+l)(p-2r) 

.,L, ( n)) Jo (/ ( ln ( & + S )) ^~ ds 



p — r—1 



p — 2r 



x [Jf ln^ +1 (6 + a) J Q a (x) \d t u\ r+1 dxds) 



< 



e-^(r-l)\\a\\ L oo\\dtur T 



— t L ^ LPm) /o + °° (b + (In (6 + s)f-^ ds 



e(p-2r) rnT 



p—r- 



1 /o Jn « ( x ) ln/3+1 ( 5 + 9 ( x ) + s ) \ d M r+1 dxds 
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for all e > 0. Thus using the fact that and (jl.3p and Sobolev embedding H 1 ^+ L q 2 < q < 
lo ~°° In a ( x ) / (l ( x ) + s ) \dtu\ 2r dxds 



p-2r _ 1 1 ,, /,, ,,2 2 2r \ 2 



2 + |, we get 



< e r-i C \\a\\ Lao [\\u Q \\ H 2 + \\ux\\ H i + \\ui\\ H i 

if In - (*) (1 + ? (*) + |9^r +1 dxds. 
for all e > 0. To estimate the last term we have to use Holder's inequality 

rnT r i s £ , , n , , 1 Q ,2 



J n f n a(x) f (q(x) + s)\d t u\ dxds 



i — i 

< Ik 



IL°° 



1 / nn r + l 2(/3 + l) \ 

> ( Jo Jn (/ (9 (*) + s ))~ (6 + q (x) + s) dxds J 



r-1 
r+l 



2 

,7„,J„\ r +l 



r-1 



X (/ nT / fl a (x) h/ +1 (6 + q (x) + s) |a^| r+1 dxds 

< Jo + °° Jn ( 6 + ^ ( x ) + ( 6 + <? 0*0 + s ) dxds ^ ~ 

2 

x (/ nT j n a (x) ln /3+1 (6 + q (x) + s) \d t u\ r+1 dxds) r+1 



By Young's inequality, we get 

rnT r / \ /> / / \ i \ i Q 1 2 



Jo" /oflW/feW + «) |9tit| dxds 

< (r-l)e-7=T||a|| LOO jj+oo (ft + g ( x ) + s )"^ foP-^ (ft + ? ( x ) + s ) d xds 

+?tt r T / n ° ( x ) ln/m ( 6 + <?(*) + s ) l^«l r+1 

< C \\a\\ Lao ir -%^ f + °° h/-^i (b + s) J +o ° (b + y + s)-^- 1 dyds 
+7+T If In a ( x ) ln/?+1 ( & + 9 (x) + «) I5t«r +1 <*^s 

< C [|o[| ioo / +o ° ln^^i (6 + s) + s)-^^- 1 ds 

+7+T If In a ( x ) ln/?+1 ( b + Q( X ) + «) l«t«r +1 
for all e > 0. Using the fact that 

-£l + d<-l ifl<r<l + | 

/3 - ^ < -1 and - £±i + d = -1, if r = 1 + § 

we get 

Jo + °° ° ( x ) / ( x ) + s ) l^* - "! 2 

< Ce~^ \\a\\ Laa + ^ / " T j n a (x) W+ 1 (6 + q (x) + s) |d t u| r+1 dxds 
for all e > 0. We choose e such that 



8 (/3 + 1) Vp-^- 1 r + iy _ 16(/3 + l) 



(3.15) 
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We conclude that there exists a positive constant C\ such that 

Sn rnT r e ,_r_\ , „\/iv7..|2 , , a „.,2 N 
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X (nT) + d -£ f Q nl f n f (q (x) + s) (\X7u\ 2 + \d t u\ l ) dxds 
~ S o Io T In a ( x ) f'l ( x ) + s ) \ u \ 2 dxds - \ / Q nT J n a (x) f 2 (q (2) + s) \u\ r+1 dxds 
+ WnT) Io T In a ( x ) ln/3+1 ( b + ( l ( x ) + s ) \ d M r+1 dxds < dl , for all n G N. 
So we obtain 

supX (t) + f /+ 00 / / (g (x) + s) (\Vu\ 2 + \d t u\ 2 ) dxds 

So J +O ° J n a (a;) f[ (q (x) + s) \u\ 2 dxds - \ / + °° f n a (x) f 2 (q (x) + s) \u\ r+1 dxds 

+Wm) Jo + °° In a ( x ) 111,3+1 ( b + + ») l^| r+1 ^ s < <Vo- 
for some positive constant Co- 



4. Proof of Theorem 2 



4.1. Preliminary results. 



Proposition 4. VFe assume that Hyp A holds and (oj,T) geometrically controls 0. Let 
5,Ro > and — 1 < (5 < 0. There exists Ct,8 = C (T, 5, Ro, 0) > and Ti > 0, swc/i i/iaf i/ie 
following inequality 



It +T InnB Ro (1 + 9 (*) + (hi 2 + IV^I 2 + \dtu\ 2 ) dxds 



< Ct,8 I t t+T L « (*) (1 + 9 (*) + ^ ( |^| 2 + \d t u\ 2r ) dxds 



+Ct,5 // +T Iq a (x) (1 + q (x) + s) p 2 \u\ z dxds 



13-2 



(4.1) 



S j t t+T f n (1 + q (x) + sf (\Vu\ 2 + |d t u| 2 ) dxds 



holds for every t>T\ and for all u solution of (|l.ip with initial data (uq,U\) in Hq (f2) D 
7d 2 (n) x Fq 1 (fl) . 

Proof We set 

^ = (1 + ^ 
It is clear that there exists a positive constant K, such that 

< K. 



sup 



is decreasing and lim 

t— >+oo 



In addition the function f 1— 
exists C > 0, such that 

^§f<C (-<p'(t)), for alU>0. 

Since 

From Sobolev imbedding, we deduce that 

^p\d t u\ r GL 2 oc (R + ,L 2 (fi)). 



0. Moreover there 
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Let X G C ( 



such that 



X{x) 



1 for |x| < Ro 
for x > 2R 



Therefore using (|2.17p , we infer that 



It +T JfinBp. (1 + ? (*) + S T ( 1^1" + l V < + \d t u\ z ) dxds 



>R () 

-t+T 



dxds 



< °t,s I t t+1 In a ( x ) (! + 9 (x) + s)* 3 (|a iU | 2 + |d t u| 2r 

+Ct,5 f* + Jq a (x) (1 + 9 (x) + s) 13 ' 2 \u\ 2 dxds 

+5 f* +T f n (l + q (x) + sf (\Vu\ 2 + \d t u\ 2 ^ dxds, 

This finishes the proof of the proposition. 

In order to prove theorem 2 we need the following result on the auxiliary functional X. 

Lemma 2. Let < 5q -C \. Setting w = ipu and v = (1 — ip) u where u is a solution of (ll.ljl 
with initial data in Hq (S7) n H 2 (Q) x Hq (S7) such that 



(4.2) 



□ 



(1 + q) 2 Vm 



L- 



+ 



(1 + 9) 2 «1 



L 2 



< +CO. 



Let 



X (t) = j Q (l + q (x) + tf v (t) 8 t v (t) dx+!±J n (l + q (x) + if' 1 a (x) \u (t)\ 2 dx 
+k 2 j Q a (x) (1 + q (x) + i)^ 1 \u (t)\ r+1 dx + lJ n (l + q (x) + tf +1 (|Vu| 2 + |a^| 2 ) 



where 



, = 5(l+^o)r 2 +8(i-3 )(r+l)+8(|) r (l+3o) 
ft ~~ 10r(r+l) 

^(5r2(l+5o)+8(r+l)(l-3o)+8(f) r (l+<5o)) 2 ~160((l+^,)(l-^o))r 2 (rTl) 
+ 10r(r+l) 



and 



We have 



k 2 
] • 
fci > 



8fc(l+<5 ) 
(r+l)(5fcr-8(l-<5 )) 



< 1 + /3 < i+fa 



X (t + T) - X (t) + 5 f t t+T f n (l + q (x) + sf (\Vu\ 2 + \d t u\ 2 ^j dxds 
k ~i ~ ^) It +T In « (*) (1 + 9 (*) + «)^ 2 |n| 2 dxds 



+ £ I IT J n a(x)(l+q(x) + s 



-t+T 



P-r I ir+1 



< C // +T /nni^ (1 + <?(*) + sf (H 2 + IV^I 2 + \d t u\ 2 ) dxds 
+2 (i + ^ + 4h) j t t+T J Q a (x) (1 + q (x) + sf |5 t n| 2 dxds. 



(4.3) 



/or some C > 0. 
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Proof. We have 

J f(q(x)) (jVu | 2 + |wi| 2 ) dx<oo. 

Then from ()2.2[) , we infer 

E v («) (i + T) + J/ +T / n a (x) (1 + g (x) + t)^ 1 |c> t < +1 cixds 

/ \ (4 4) 

<E v (u)(t) + (f3 + l)f t t+T f n (l + q(x)+tf (\Vu\ 2 + \d t u\ 2 )dxds. 

Setting 

X (t) =J n (l + q (x) + tf v (t) d t v (t) dx + ^j Q (l + q (x) + tf~ l a (x) \u (t)\ 2 dx 
+k 2 j n a (x) (1 + q (x) + tf' r+1 \u (t)\ r+1 dx 

We have v = (1 — tp) u. Then v is a solution of 

d?v -Av + a (x) \d t u\ r ' 1 d t v = f (t, x) R+ x SI, 
v = M+ x r, (4.5) 

(v(0),d t v(0)) = (l-iP)(u , Ul ), 

with 

/ (t, x) = 2VipVu + uAt/j. 
Using the fact that v is a solution of (14. 5p , we deduce that 

|X (t) = j n (\d t v (t)\ 2 - \Vv (t)\ 2 - a (x) \d t u (t)\ r - 1 vd t v (t) + / (t, x) v)(l + q (x) + tf dx 

+P J n (l + q (x) + tf' 1 v (t) 8 t v (t) dx + ^11 J n (l + q (x) + tf~ 2 \v\ 2 dx 

+ ^ n (l+q(x) + tf- 1 (f-Jff) \v\ 2 dx 

ki (/ n a (x) (1 + q (x) + tf- 1 u (t) a t u (t) + ^ / fl a (x) (1 + q (x) + t)^ -2 |u| 2 dx) 

k 2 (((8-r + l)J n a(l + ? (x) + i)^ |u| p+1 dx + (r + 1) J n a (1 + q (x) + i)^~ r+1 \u\ r - 1 ud t udx 

(4.6) 

By taking into account that the support of (1 — ip) is contained in the set {x G O, a (x) > eo} 
and using Young's inequality we infer that 

P J Q (1 + q (x) + tf' 1 v (t) 8 t v (t) dx 

<>ff n a(x)(l + q (x) + tf' 2 \u (t)\ 2 dx + j^f n a (x) (1 + q (x) + tf \d t u (t)\ 2 dx 

and 

h J n a (x) (1 + q (x) + tf' 1 u (t) d t u (t) dx 

<^j n a(x)(l + q (x) + tf~ 2 \u (t)\ 2 dx + 8A* J Q a (x) (1 + q (x) + if (t)| 2 dx 
Using Young's inequality we deduce that 

f n a (x) (1 + q (x) + tf \dtu (t)r _1 vd t v (t) dx 

<-^j n a(x)(l + q (x) + tf +1 \d t u (t)\ r+1 dx + ^j Q a (x) (1 + q (x) + t)^ |u (t)\ r+1 dx 
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and 

k 2 (r + 1) |/ fl a (x) (1 + q (x) + tf~ r+1 \u (Of" 1 ud t u (t) dx 

< k 2 (|) r J u a (x) (1 + q (x) + tf +1 \d t u (t)\ r+1 dx + ^J Q a (x) (1 + q (x) + tf~ r \u {t)\ r+1 dx 
Since a (x) > eo on the support of (1 — •0) , therefore 

J Q {l + q{x)+tf (\d t v\ 2 -\Vvf)dx 

= 2j n (l + q(x)+ tf \d t v\ 2 dx-J n (l + q (x) + tf {\Vv\ 2 + \d t vf) dx 
<2j n (l + q(x)+ tf \8 t v\ 2 dx-lJ a (l + q (x) + tf (\Vu\ 2 + |d t u| 2 ) dx 
+ L (1 + q (x) + tf (\Vw\ 2 + |^u;| 2 ) dx 



< |/ n a (x) (1 + q (x) + if \8 t u\ 2 dx-y n (l + q (x) + tf (j Vu| 2 + \8 t u\ 2 ) dx 



+ L(l + q (x) + tf ( \Vw\ 2 + |a £ xo| 2 ) dx 



Since ^ £ and support of ip is contained in Br. It easy to see that 

J a (l + q (x) + t)' 3 / (t, x) vdx\ < Cf nnB2L (1 + q (x) + tf (\u\ 2 + |Vu| 2 ) dx 
We have w = i\)u. Therefore there exists a positive constant C such that 

It t+T Li 1 + 9 ( x ) + s f (l Vw ( fi )! 2 + \°t w (^)l 2 ) dxds 



< C Jt t+T LnB 2L C 1 + ^ (*) + «)" (I"! 2 + l V ^| 2 + l 9 ^! 2 ) dxds 



By taking into account of the estimates above and integrating (14. 6p between i and i + T, we 
obtain 

X (t + T) - X (t) + (| - (1 + /3) fc) // +T J n (1 + q (x) + sf (\Vu\ 2 + |d t u| 2 ) dxds 

-^iri^+^+sf-'^fdxds 



- ^) r T in « w (i + ^ n + *r 2 i-i 2 



r |u| r+1 dxds 



+ (fc 2 (|r-/3-l)-^ I )// +T / f ,a(x)(l + g(x) + S ) 
+ (k - ^ - k 2 (|) r ) f t t+T f n a (x) (1 + q (x) + s)^ 1 |dH r+1 dxds 



< C It +T InnB 2L (1 + ^ (*) + s f ( M* + l V ^| 2 + l^^l 2 ) ^ s 



^0 Egfcl 

We remind that 



Using the fact that k 2 



+ ( f + £ + 8fc i ) ft t+T In a (*0 (1 + ? 0*0 + *)' dxds. 



8fc(l+5p) 



(r+l)(5A,T-8(|-5o)) 



- - (1 + P) k > 5 
we infer that 



k 2 (f r 



(3-1) 



r+l 



> k 2 | -r 



h-6o 



1 _ _5o_ 
r+l r+l 
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Now we estimate the term k — — k2 (|) r . 
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k 



(l+<5p)r 



8fc(l+3 )(|) r 



(r+l)(5fcr-8(i-5 )) 
5 fc2 r ( r+ l)-fc(5r 2 (l+5o)+8(r+l)(i-3o)+8(f) r (l+^ ))+8((l+3o)(l-3 ))r = 



thus 



(r+l)(5fcr-8(i-5 )) 



fc 2 - 



r + 1' 



Which yields 

X (t + T) - X (t) + <5 + « ( x ) + (l Vn l 2 + M 2 ) da;cfa 

+4t It +T In a ( 1 + 1 ( x ) + s f~ r l«f +1 + S // +T /n ° ( x ) ( J + s f +% \ d M'' +l dxds 

< C It +T LnB 2L (! + + ^ (|u| 2 + \Vu\ 2 + |d t u| 2 ) dxds 



- + ^7 + 8A; Ji* +T /n « (*) (! + 9 (x) + *? \dtu\ 2 dxds. 



□ 

4.2. Proof of Theorem 2. We assume that Hyp A holds and (co,Tq) geometrically controls 
O. Let u be a solution of (jl.ip with initial data in Hq (O) n i? 2 (0) x #q (O) such that 



(1 + q) 2 Vm 



L- 



+ 



(l + g)a«! 



L 2 



< +oo. 



Let < 5 <C | and T > max(To,Ti). We define 

X(t) = J n {l+q(x)+tf v{t)d t v (t)dx + ^ J n {l + q{x) + tf~ l a{x)\u{t)\ 2 dx 

+k 2 j n a (x) (1 + q (x) + t)' 3 - r+1 |u (t)\ r+1 dx + § / fl (1 + q (x) + tf +l (|Vu| 2 + |9^| 2 ) da;, 

where v = (1 — ip)u, 

, _ 5(l+6o)r 2 +8(i-5o)(r+l)+8(f) r (l+6 ) 
ft 10r(V+l) 



+ 



^(5r 2 (l+5o)+8(r+l)(i-3 )+8(|) r (l+«5o)) 2 -160((l+^)(|-^o))r 2 (r+l) 



10r(r+l) 



and 



fr„ - 8fc(l+gp) 

^2 ~~ (r+l)(5fcr-8(l-<5 )) 

0<7 = l + /3< min 
fci > 0. 



2~ jo p-2r 



A; ' r— 1 ' r— 1 
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According to lemma [21 

X (t + T) - X (t) + 5 f t t+T f a 0- + q (x) + sf (\Vu\ 2 + \d t u\ 2 ^j dxds 

+ - ^fe 11 ) // +T Jn « (*) (1 + ? (*) + «)^ 2 M* 
+ 4 2 T J/ +T J n a (a?) (1 +q(x) + sf~ r \u\ r+1 dxds 

+fe it t+T in a ( x ) (i i^r +1 ^ 

< C J/ +T Jnm** (1 + 1 (*) + ^ (H 2 + l V ^| 2 + l^^l 2 ) ^ 
+2 (i + ^ + 4fei) // +T / n a (x) (1 + g (x) + sf |9 t n| 2 dxds. 

The estimate (|4.ip . gives 

C J/ +T LnB 2i (1 + 9 (*) + ^ (|u| 2 + I Vn| 2 + |d t u| 2 ) dxds 
< C T)S f t t+T / n a (x) (1 + g (x) + s)' 3 (|5 iU | 2 + |d t u| 2r ) dxds 
+Ct,5 // +T J q a (x) (1 + q (x) + s)' 3-2 |u| 2 dxds 
+ cs It +T In0- + Q ( x ) + s f (l Vn ! 2 + l 5 ^! 2 ) dxds ' 
for all t >T. fj4.3|) and the estimates above gives 

X (t + T) - X (i) + (£„ - Ctf) J/ +T / n (1 + ? (x) + sf (\Vu\ 2 + |d t u| 2 ) dxds 
+ (% " T " J/ +T I a a (x) (1 + q (x) + s)' 3 " 2 |u| 2 dxds 

+ // +T a (x) (1+q (x) + s) /3_r |u| r+1 dxds 

J/ +T Jn a (x) (1 + 9 (x) + s)^ 1 |^n| r+1 dxds 
< 2 (i + ^ + 4A;i + Qr,i) J/ +T / n a (x) (1 + q (x) + sf (\d t u\ 2r + \d t u\ 2 ) dxds 

for all t >T. Using Young's inequality we get 

X (*) < + sfc) /n ° (*) C 1 + «W + 1« (^)l 2 

+ ( fc + /n C 1 + 1 W + (l v ^ Wl 2 + 1^ Wf) dx 
+k 2 J Q a (x) (1 + q (x) + t)^- r+1 |u (t)| r+1 dx 

and 

X (t) > - ^i) J n a (x) (1 + , (x) + i)^ 1 |n (t)| 2 dx 
+ ( fc " t) fa (1 + ? (*) + (l v ^ Wl 2 + Wl 2 ) ^ 

+k 2 J Q a (x) (1 + q (x) + t)^ 1 |u (t)| r+1 dx 
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for all e > 0. We choose 



e such that k — - > 5n 



C6 > % 



5 such that 5q 

h such that - ^ > S and % - - o T ,a / o . 

and we set 2 ( f- + -4- + 4fe i + C T8 ) =h- Therefore using (|4.8p we obtain 

V e o fcl ' / 

X(t + T)-X(t)+ S f fi +T J n (l + q (x) + sf (|Vu| 2 + \8 t u\ 2 ) dxds 
+5q f+ +T a (x) (1 + 9 (x) + sf~ 2 |u| 2 dxds 
+ ?fi // +T In a ( x ) C 1 + 9 (x) + sf~ r K +1 dsds 
+?TT J/ +T In a ( x ) C 1 + 9 (x) + l^tn| r+1 dxds 
< fc 3 JT T / n a (x) (1 + g (x) + sf (\d t u\ 2r + |9^| 2 ) dxds 
for all t >T\. Thus 

X (nT) + 4f /™ T / n (1 + q (x) + sf (\Vu\ 2 + |3 t u| 2 ) dxds 

+8o ff Jq a (x) (1 + q (x) + sf~ 2 \u\ 2 dxds 

+?TT If In a ( x ) C 1 + 9 (x) + sf +1 |a t u| r ' +1 dxds 



(4.11) 



+^t/t T L«(^)( 1 + '?W + ^) 



/3-r I |H-1 



dxds 



< k 3 /™ T / n a (x) (1 + 9 (x) + sf (\d t u\ 2r + \d t u\ 2 j dxds + X (T) , for all n > 1. 
Using proposition [TJ we obtain, 

x ( T ) + f /cf /n ( X + 9 (a?) + ( I Vn| 2 + |^u| 2 ) dxds 



+#o J T J n a (x) (1 + 9 (x) + sf 1 \u\ z dxds 



8-2 



+fe So In a ( x ) (! + 9 (x) + sf +1 |^n| r+1 dxds 



/3+1 



+ 



r+1 



lo In a ( x ) (l + q(x) + s 



B-r I ir+1 



dxds < CtI\- 



with 



|n + ||ni||^i + ||uq|| 



r+1 , 
L r+i -t- 



+ 



(1 + 9)2 Ul 



L 2 



+ 



2 4- 

#2 + 



(b + 9) 2 Vu 

2r \ 2 



tfl + Hllffl +1 



Therefore there exists a positive constant &4, such that 

X (nT) + 4f J nT /„ (1 + q (x) + sf (|Vu| 2 + |d t u| 2 ) dxds 

+5q J Q aT J n a (x) (1 + 9 (x) + sf~ 2 \u\ 2 dxds 

+ S If In a ( x ) (1 + 9 (x) + sf +1 |a^r +1 dxds 

+ ?TT If In a ( x ) (1 + 9 (x) + sf " r |n| r+1 dxds 



< 



A; 4 (/ nT / n a (x) (I + 9 (x) + sf (|d t u| 2 + \d t u\ 2r ^j dxds + Ji) , for all n £ N. 
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Setting p = 2 (r + 1). We have r + 1 < 2r < p, using interpolation inequality and Young's 
inequality, we obtain 

jf J n a (x) (1 + q (x) + s) 13 \d t u\ 2r dxds 

< Jf (1 + sf f Q a (x) \d t u\ 2r dxds 

< Jf (1 + sf (/ n a (x) \d t u\ r+l dx) ^ (J Q a (x) \d t u\ p dx) ^ ds 

i — i 

< (iklL- II^III- (R+jiP(n)) J +O ° (1 + s)^^ 1 ds) P_r_1 
x ( f nT (1 + s )" +1 J Q a (x) \d t u\ r+1 dxds) ^ 

< e "^ (r " 1)IHL ; + f" r -^^ p ^) /o +~ (i + sf- p ^ ds 

+^$ Jo""" /o o (*) (! + 9 (*) + l^r +1 efacfa 
Now using the fact that (3 - + 1 < and (TO]) , we obtain 

-2r / - 

Jo^Jn ^) 0- + q(x) + s) $ \d t u\ 2r dxds < C<T V — ||a[| £O0 (JKIIh2 + IMIh 1 + IHIff 1 ) " 

if In » 0=) (1 + 9 (*) + Ifttir 1 cfc*. 
To estimate the last term we use Holder's inequality 

if In a ( x ) (1 + 9 ( x ) + s ) /? l^* n | 2 dzds 

< (INI*- If / n (1 + 9 (ar) + ^ dxds ) ^ (j^ / n a ( x ) (i + ? ( x ) + 8 )0+i dxds) f 

By Young's inequality, we get 

if In a ( x ) (1 + 9 ( x ) + |dt«| 2 d^ds 

2 

< (r ~ 1 r+i'" 1 Jo + °° L (1 + 9 ( x ) + s)' 3 "" dxds 
+Th If In a 0*0 (1 + 9 (*) + s)^ 1 |d t < +1 dxds 

< C \\a\\ Loa ^ff^ f Q + ™ / +o ° (1 + y + sf~^+ d - 1 dyds 

If In a ( x ) (1 + 9 (*) + \dtu\ r+1 dxds 

Now using the fact that /3 — -^r + d + 1 < 0, we get 

if In a ( x ) (1 + 9 (x) + s) 13 \d t u\ 2 dxds 

< Ce~^ + ^ Jf J n a (*) (1 + g (x) + s)^ 1 |d t uf +1 ctecfe 
We choose e such that 

5 r ^ ( p-2r + ^ 6 r 



r + 1 \p — r — 1 r + ly 2 (r + 1) 
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So there exists a positive constant Co such that 

X (nT) + % jf J n (1 + q (x) + sf (\Vu\ 2 + \8 t u\ 2 ) dxds 
+d~ Jq T Jq a (x) (1 + q (x) + s)' 3-2 \u\ 2 dxds 
+ 2(fe) /o" T /n a ( x ) (1 + ? (*) + Iftur 1 

/o nT /n a ( x ) t 1 + 9 ( x ) + s ) /3_r l u l r+1 dxds ^ C o J i' for a11 n G N 

This gives 

supX (t) + 4f J +o ° L (1 + g (s) + s)' 3 (|Vu| 2 + \d t u\ 2 ) dxds 

R + ^ ' 

+S /„ (1 + q (x) + s)^ 2 a (x) \u (t)\ 2 dxds 

Io +C ° In « (*) (1 + 9 (*) + l^| r+1 

io + °° /n a (*) C 1 + « (*) + s) /3 " r |uf +1 dxds < Cxh, 
for some C\ > 0. This finishes the proof of theorem 2. 

5. Proof of Theorem 3 

5.1. Preliminary results. As in the proof of theorem 2 we have the following weighted 
observability estimate. 

Corollary 1. We assume that Hyp A holds and (oj,T) geometrically controls J7. Let 5,Rq > 0, 
— 1 < (3 < and R > 1. There exists Ct,s,r > and T% > 0, such that the following 
inequality 

It +T IunB Ro (R + '? (H 2 + I Vn| 2 + \d t u\ 2 ) dxds 

< C T ,s,Ro It +T ( R + s f In a ( x ) {\ d M 2 + \dM 2r ) dxds (5-1) 
+ C t ,5,r Jt +T {R + sf' 2 f a a (x) \u\ 2 dxds + 5 // +T (R + sf E u (s) ds, 
holds for every t > T\and for all u solution of (II. ip with initial data (uq,ui) in Hq (Q) n 

In order to prove theorem 3 we need the following result on the auxiliary functional X. 

Lemma 3. Let < 5q <C 1 and R > 1 such that O C Br. Setting w = tpu and v = (1 — ip) u 
where u is a solution of (jl.ip with initial data in Hq (Jl) n H 2 (f2) x Hq (fi) wi/t support 
contained in Br. Let 

X (t) = {R + tf f Q v (t) d t v (t) dx + ^(R + tf~ l f Q a (x) \u (t)\ 2 dx 

+k 2 {R + tf- r+1 J Q a(x)\u (t)\ r+1 dx + k{R + tf +1 E u (t) , 

where 

, _ 5(l+3 )r 2 +8(l-5o)(r+l)+8(f ) r (l+6p) 
K ~ 10r(r+l) 

^(5(l+<5o)r 2 +8(l-^o)(r+l)++8(f) r (l+5o)) 2 -160(l-^)r2(7+l) 
+ 10r(r+l) 
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(4.12) 
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and 



8k(l + 5 ) 



(r + 1) (5A;r - 8 (1 - $„)) 
l-*o 



< i + p< 

h > 

X (t + T) - X (t) + <5 J/ +T (-R + s)' 3 £ u (s) o!s + ^ J t t+T {R + sf~ 2 J n a (x) \u\ 2 dxds 
+ & I t t+T (R + sf~ r J n a (x) \u\ r+1 dxds + i£ f t t+T (R + s)^ 1 / fl a ( x ) \d t u\ r+1 dxds 
< C L f t t+T (R + sf f nnB2L (\u\ 2 + | Vu| 2 + \d t u\ 2 ) dxds 
+2 (i + + 4fcx) // +T (12 + ^ J n a (x) |$u| 2 dxds. 



/or some Cl > 0. 

Proof. We have v = (1 — t/j) u. Then u is a solution of 



(5.2) 



d t 2 v -Av + a (x) Id^r -1 = / (t, x) R + x 

v = M+ x r, (5.3) 

(v (0),8 t v (0)) = (1-VO K«i), 



with 

/(i,x) = 2VipVu + uAip. 
Using the fact that v is a solution of f|5.3j) and that 

r/ " ■ f (x)|a t u(t)| r+1 



dt E u {t) = - / a(x)|a 4 n(t)| r+i dx, 



we deduce that 

f t X (t) = (R + tf J n \d t v {t)\ 2 - \Vv (t)\ 2 - a (x) \d t u {t)\ r ~ l vd t v (t) + / (t, x) vdx 
+/3 (R + tf' 1 J Q v (t) d t v (t) dx 

ki ((R + tf' 1 f Q a (x) u (t) d t u (t) dx + ^(R + tf~ 2 f Q a (x) \u (t)\ 2 dx^j 

k 2 Up-r + 1) (R + tf~ r f n a \u\ r+1 dx + (r + 1) (R + tf~ r+1 J n a Inf" 1 ud t udx) 

+k ((/3 + 1) (R + tf E u (t) - (R + i)^ 1 / n a (x) |$u W| r+1 • 

It easy to see that 

/ / (t, x) vdx = / (2VV>V-u + uAip) (1 - V) udx 
Jn Jn 

V^Vu 2 + u 2 Ai[idx - [ -Vip 2 Vu 2 + u 2 ipAxpdx 
Jn 2 

| VV') 2 | ii| 2 dx. 
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By taking into account that the support of (1 — tp) is contained in the set {x G f2, a (x) > e } 
and using Young's inequality we infer that 

PiR + tf- 1 J n v(t)d t v(t)dx 

< {R + t f-2 *1 j n a {x) \ u (t) |2 dx + || (jR + ^ ^ fl (x) |^ (t) |2 dx 

and 

fei (i? + tf' 1 J n au (t) d t u (t) dx 

<{R + tf' 2 !ff Q a (x) \u (t)\ 2 dx + 8fci (R + tf J Q a (x) \d t u (t)\ 2 dx 
Using Young's inequality we deduce that 

(R + tf J Q a (x) \d t u (t)| r_1 vd t v (t) dx 



< ^^T 1 In « (*) Wr +1 + { - E T^ 1 In « (*) \u (t)\ r+l dx 



and 



fc 2 (r + 1) (i? + ^~ r+1 / fl a (x) \u (t)] 1 " 1 ud t u (t) dx 

< k 2 (IY (R + tf +1 J n a (x) \d t u (t)\ r+1 dx + ^Y f ~ r In « (*) |« W| r+1 cfa 
Since a (x) > eo on the support of (1 — 4>) , therefore 

(i? + ^/j%,(t)| 2 Hv^)| 2 ^ 

< /n a ( x ) (^)l 2 dx " ( R + ^ (*) + 2 (i? + t)' 3 £«, (t) 

By taking into account of the estimates above, we obtain 

f t X (t) + (1 - (1 + p) k) (R + tf E u (t) + ^(R + sf~ 2 / n a (x) | U (i)| 2 dx 

+ (fe (|r - f3 - 1) - ^) (fl + t)^ r /„ a |n dx 

+ (k - 4i - A: 2 (|) r ) (it! + t)^ +1 / n a (x) (i)f +1 dx 

<2(R + tf E w ( t )+(i + JgL + 8Ari) (i? + / n a (x) |$« (t)| 2 dx 

+ (i? + t) /3 /jVVfMi)| 2 dx. 
We remind that 

l-(l + 0)fc>tf o 
Using the fact that k 2 = ( r +iX5kl~8(i~So)) ' we infer that 

M!r-/3-l)-^>fc 2 (§' " HE* 1 ) " ?il = & 
Now we estimate the term /c — ^q-j- — k 2 (|) r . Since k > ko, therefore 

> /, (l+go)r _ 8fc(l+,5o)(|) r 

— ^ r+1 (r+l)(5fcr-8(l-5 )) 

_ 5fc 2 r(r+l)-fc(5r 2 (l+go)+8(r+l)(l-3o)+8(|) r (l+<5 (1 ))+8(l-3g)r _ 

- (r+l)(5fc(,r-8(l-<5 ))' _ U 
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thus 



tel.] > SoT 



(5.4) 



r + 1 \3/ r + 1 

Which yields 

f t X (t) + 5 (R + tf E u (t) + ^(R + sf~ 2 f n a (x) \u (t)\ 2 dx 
+ (R + tf- r j n a \u (t)| r+1 dx + ^ (R + 4)^+1 / n a (x) |$u (t)| r+1 dx 
<2(R + tf E w (t) + (| + ^_ + 8fcx) (i? + /„ a (x) |$u (t)| 2 
+ (i? + t) /3 / n |V^| 2 |u(t)| 2 ^. 
We have io = ipu. It is clear that 

2 (i? + i)^ £to it) ds <C L (R + tf J nnB2L (\u (t)\ 2 + \Vu (t)\ 2 + \d t u {t)\ 2 ) dx 
in addition we have 

f n m 2 \u(t)\ 2 dx<C L J nnB Ju(t)\ 2 dx 

Therefore 

f t X (t) + 5 (R + tf E u (t) + ^(R + tf~ 2 f a a (x) \u (t)\ 2 dx 

+ A (R + tf~ r In a W (t)\ r+1 dx + ^(R + tf +1 f n a (x) \d t u (t)\ r+1 dx 

<C L (R + tf f nnB2L (\u (t)\ 2 + \Vu (t)\ 2 + \d t u (t)\ 2 ) dx 

Integrating the estimate above between t and t + Twe get (j5.2|) . □ 

5.2. Proof of Theorem 3. We assume that Hyp A holds and (lu ,Tq) geometrically controls 
17. Let i? > 1 such that O C -Br and it be the solution of (jl.ip with initial data in Hq (O) n 
H 2 (fi) x (fi) with support contained in Br. Let < 5 < 1 and T > max(T ,Ti). We 
define 

X (t) = (R + tf J n v (t) d t v (t) dx + ^(R + tf' 1 f n a (x) \u (t)\ 2 dx 
+k 2 (R + tf- r+1 J Q a(x)\u [t)\ r+1 dx + k{R + tf +1 E u (t) , 

where v = (1 — tp) u and 

, _ 5(l+<5 )r 2 +8(l-5o)(r+l)+8(|) r (l+(5o) 
K ~ 10r(r+l) 

y(5(l+<5o)r 2 +8(l-<5o)(r+l)++8(f) r (l+^o)) 2 -160(l-^)r 2 (r+l) 
+ 10r(r+l) 



and 



fe _ 8fc(l+ft) 



(/— J.!|.-,/,-,-,s( L — .->,,)') 

fc ' ] — 1 ' 1 — 1 



0< 7 = /3 + l<min'±=^ d+^r Ezir 



A;i > 0. 
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According to lemma [3j 

X (t + T) - X (t) + 5 J t t+T {R + sf E u (s) ds + % J/ +T (12 + s^" 2 f Q a (x) \u\ 2 dxds 
+4 3 T Ii +T (R + sf~ r J a a (x) \u\ r+1 dxds + iar £+ r (jR + s)^ 1 / n a ( x ) |^u| r+1 
< C L f t t+T (R + sf f nnB2L (\u\ 2 + | Vu| 2 + \d t u\ 2 ) dxds 

(5.5) 



The estimate (15. ip . gives 

c L ;/ +T (i? + ^ / nnB2i (|u| 2 + 1 vn| 2 + |a^| 2 ) dxds 

< C T)5 J t t+T (R + sf J n a (x) \d t u\ 2 + \d t u\ 2r dxds 

+ C T ,s J t t+T (R + sf" 2 J n a (x) |u| 2 dxds + C L <5 J/ +T (U + sf E u (s) ds, 
for all t >T. (j5.2j) and the estimate above gives 

X (t + T) - X (i) + (tf„ - C L <5) J/ +T (R + sf £ n (s) ds 
+ (t - Ct,*) J/ +T (1? + sf" 2 J n ° ( x ) M 2 

// +T (* + sf- r f n a (x) \u\ r+l dxds (5.6) 
+7TT It +T ( R + s f +1 In a 0*0 I^H r+1 ^ds 

< 2 (i + ^_ + 4fci + Qr,s) f t t+T (R + sf f a a (x) (\d t u\ 2 + \d t u\ 2r ) dxds 
Using Young's inequality we get 

X (*) <{^t + ^)(R + if' 1 J a a (x) \u (t)\ 2 dx 



+ {k+±)(R + tf +L E u (t) + k 2 (R + tf- r+L f Q a (x) \u (t)\ r+L dx 

X (*) > - aji) (R + if' 1 In a (*) l« dx 
+ (k-j-)(R + tf +1 E u (t) + k 2 (R + tf- r+1 J n a (x) \u (t)\ r+1 dx 



and 



for all e > 0. We choose 

e such that k — - > 5n 

en, vl 

1 

_ 

2 

Therefore using (|5.6p we obtain 



fei such that ^ - > <^o and ^ - Ct,<5 > S 
5 such that S - C L S > 



(5.7) 



(5.8) 



X (t + T) - X (i) + f /r (12 + sf £ u (a) + 5 P t +1 (R + sf~ 2 f n a (x) \u {t)\ 2 dxds 

It t+T ( R + s f' T In a ( x ) M r+1 dxds + S It t+T ( R + In a ( x ) \°M r+l d *ds 
< k 3 J t t+T (R + sf J n a (x) (\d t u\ 2 + \d t u\ 2r ) dxds 



(5.9) 
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for alU > T where k 3 = 2 (f + -4- + 4h + C L C T ,«5) . Thus 



X (nT) + s f f™ T (R + sf E u (a) ds + <5 J^ T (i? + sf -2 / n a (x) \u\ 2 dxds 

< k 3 /™ T (i? + sf J n a (x) (\d t u\ 2 + \d t u\ 2r ) dxds + X (T) , for all n > 1. 

(5.10) 

It is easy to see that 

* ( T ) + T /cT + s f E " ( s ) ds + s o Jo (R + s )^ 2 In o 0*0 M 2 

+& /<T (* + «) /J_r In « (*) l^l r+1 + St Jo" (* + Jn « (*) l 5 H r+1 dxds 
< 

with 

^2 = HwoIIh 2 + iKllii-i + H^o 112^+1 + (JKII 2 ^ + ihiii^i + iiuiii^ij 2 + 1 

So there exists a positive constant £4 such that 

X (nT) + f Jf (R + £ u (s) ds + 5 J Q nT (i? + s^" 2 / n a (x) |u| 2 dxds 

+ 4t Jo nT ( R + s f~ r In a ( x ) \ u \ r+1 dxds + WT If ( R + s ^ +1 In a ( x ) \ d M r+1 dxd s 

< k 3 (j Q nT (R + sf J n a (x) (\d t u\ 2r + |d t u| 2 ) dxds + I 2 ) , for all n G N. 

We remind that 

f 2(r + l) if d < 3 

We proceed as in the proof of theorem 2, we get 

f Q nT (R + sf f n a (x) \d t u\ 2r dxds < Ce~~^~ \\a\\ Loo (\\u \\ 2 H 2 + ||ui||#i + H^illffi) 

If In a (*) (* + I^-I r+1 

To estimate the last term we have to use the finite speed propagation property and the fact 
that the support of the initial data is contained in Br. 



jf (R + sf f n a (x) \d t u\ 2 dxds 

< MM If (R + sf (lnnB R+s dx ) ^ {in « (*) \dM r+1 dx) ^ ds 

< If (iMU InnB R+s (R + sf~^ dx) ^ ((R + sf +1 /„ a (x) \d t u\ r+1 dx) 



By Young's inequality, we get 
Jq T (R + sf J n a (x) \dtu\ 2 dxds 

< ||a|| L . ^fr 1 I + °° J nnBR+s (R + sf~^ dxds + ^ /; T (R + s)^ +1 /„ a (x) \d t u\ r+1 dxds 

< C \\a\\ Loo ^ff 1 I +Q ° (R + sf-^ +d ds + ^ I jf (R + sf +1 f n a (x) \d t u\ r+1 dxds 
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Now using the fact that /3 — + d + 1 < 0, we get 

Jf (R + s)' 3 f n a (x) \d t u\ 2 dxds < Ce~^ + ^ J +o ° (R + J Q a (x) \d t u\ r+1 dxds 
We choose e such that 

Am _ h.c ( _3 i_ p~ 2r \ ^fli 

r+l 4 \r+l p-r-1 ^ 2(r+l) 

Therefore there exists a positive constant Co such that 

X (nT) + ^ /™ T (R + s)' 3 £ u (s) ds + 5 £ T (R + sf~ 2 J n a (x) \u\ 2 dxds 

+F+7 If ( R + s f' r In « (*) \ u \ r+1 ^ds + /; T (fl + S )^ +1 J n a (x) |^nr +1 dxd, 

< CoR 1+/3 l2, for all n G N. 

This gives 

supX (t) + f J +o ° (i? + s)' 3 S u (s) (is + 5 J +o ° (-R + s)' 3 " 2 J Q a (x) \u\ 2 dxds 

+7TT Jo + °° ( fl + s ) /3 " r L a ( x ) \ u \ r+1 dxds + 2(7+1) /o + °° ( fl + s ) /3+1 Jn a ( x ) \ d t u \ r+1 d *ds 
< C 2 R 1+ Pl . 

for some C 2 > 0. This finishes the proof of theorem 3. 
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